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Abstract

The difficulty of training deep neural networks has led
to a proliferation of optimization algorithms which seek to
simplify learning and improve convergence. Batch normal-
ization is one of the most well known, and implemented
methods to optimize deep neural networks. This study seeks
to understand why batch normalization leads to faster con-
vergence through experimental results and analyses on the
loss function’s Hessian. Two shallow networks with and
without batch normalization were trained on the MNIST
Dataset and evaluated. We hypothesize that batch nor-
malization leads to faster convergence due to the improve-
ment of the Hessian’s condition number, and we support
this hypothesis with the demonstration of a reduced pseudo-
condition number and improved convergence when batch
normalization is introduced.

1. Introduction

Deep learning is a machine learning technique that has
gained popularity in recent decades for its success in solv-
ing such tasks as image classification and speech recogni-
tion [10]. This success is due in large part to several key
advancements in the architecture of deep neural networks.
One particularly useful development was the introduction of
batch normalization, a method of normalizing hidden lay-
ers’ inputs that has been shown empirically to increase con-
vergence speed [3]].

Although batch normalization has demonstrable success
in enabling faster training of neural networks, the reason-
ing behind its effectiveness is not well understood. As a
result, various efforts have been made to explain the suc-
cess of batch normalization. This paper aims to augment
these efforts by investigating the effect of batch normaliza-
tion on the Hessian of the loss function. Namely, we hy-
pothesize that the introduction of batch normalization re-
duces the condition number of the loss function’s Hessian,
enabling higher learning rates and faster training. To test
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this hypothesis, we study a two-layer neural network and
investigate the nature of the Hessian with and without the
inclusion of batch normalization.

For our analysis, we consider the class of two-layer neu-
ral networks used in classification, consisting of a ReLU
activation function in the hidden layer followed by a soft-
max activation in the output layer. The input to the neural
network is a vectorized image z € R™ (n features) with
label y € R¥ (K classes). The hidden layer with ReLU
activation contains m neurons and has output g(x) € R™:

g(x) = o(Wix + by ), where o(s) = max{s, 0}

The output layer with softmax activation has K neurons and
output f € RE. Defining z = Wag(z) + bz, the output of
the network is:

f(j) = softmax(z;) = L - j=1,...K
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1.1. Related Work

Different researchers have suggested possible reasons
for the success of batch normalization. The initial moti-
vation for this technique was internal covariate shift, an un-
desirable phenomenon during training of deep neural net-
works, wherein the distributions of the inputs to internal
layers shift due to parameter updates in previous layers [3].
In batch normalization, the inputs to these internal layers are
normalized via rescaling and recentering. While batch nor-
malization was originally claimed to mitigate internal co-
variate shift, recent research shows that this hypothesized
relationship is inaccurate [9].

Another possible explanation for the success of batch
normalization is the fact that it “smooths” the optimization
landscape, in that it results in greater Lipschitzness of both
the loss function and the gradients of the loss function dur-
ing training [9].

Other researchers attribute the success of batch normal-
ization to its decoupling effect on the parameters of the net-
work. This reasoning is motivated by the success of weight
normalization, which is a technique in which the weights of



a neural network are reparametrized in terms of length and
direction separately [8]]. The result of this decoupling effect
is an improvement in the convergence speed of stochastic
gradient descent, raising the question whether the success
of batch normalization could be attributed to a similar de-
coupling effect. Indeed, researchers have shown that in the
case of gradient descent with batch normalization for the
non-convex problem of learning half-spaces, the decoupling
effect provably results in an exponential convergence rate

[4].
1.2. Contribution and Motivation

In this paper, we aim to reach a better theoretical under-
standing of the success of batch normalization. In particu-
lar, we address the question: What effect does batch normal-
ization have on the condition number of the loss function’s
Hessian, and does this effect contribute to its success?

Our motivation for investigating this condition number
stems from the notion of “pre-conditioning” the inputs of
a network. When the condition number of the loss func-
tion’s Hessian is too large, the derivative in one direction
increases rapidly while the derivative in another direction
increases slowly [2]]. The result is poor performance of the
gradient descent method, as the learning rate that may work
well for one weight differs significantly from the learning
rate that works well for a different weight. One remedy is
to pre-condition the input data via normalization. Specifi-
cally, the input data is rescaled and recentered to be within
the unit hypercube [[L1]. As a result, the conditioning of
the Hessian is improved, and faster convergence is achieved
[6]. Naturally, this raises the question whether batch nor-
malization of the inputs to the hidden layers of the network
improves the Hessian in a similar manner. Our goal is to
provide a formal investigation of this question.

2. Theory

This section introduces the relevant theory required to
study the effects of batch normalization on network Hes-
sians.

2.1. Batch Normalization

The purpose of batch normalization is to make the output
of each layer have unit statistics i.e. E[x;] = 0, var[z;] = 1.
The parameters in the lower layers thus do not change the
statistics of the input to a given layer. The normalized unit
activations are:
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and e being very small

These inputs may also be scaled and shifted via trainable
parameters y and 3:

Yi =2 + 3
2.2. Hessian Calculation

Letting w € R denote the vector of model parameters,
the (¢, 7)-th element of the Hessian of the loss function L is
given by:

oL
S QwowT

In our network of interest, the loss L is the categorical cross-
entropy loss. Given N images, each with a ground truth la-
bel y € RX and a predicted label § € R, the loss function
is:

T
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Our goal is to calculate the Hessian for the network with
and without the inclusion of batch normalization. Ideally,
we would like to investigate the true Hessian, but obtaining
the Hessian is computationally expensive in practice. Con-
sequently, our empirical study employs an approximation of
the Hessian, and our analysis is formed through eigenvalue
characteristics of the last-layer Hessian.

Forming a block diagonal layer-wise Hessian is a known
approximation technique to ameliorate the problem of in-
sufficient memory storage. In fact, it was demonstrated in
[L] that the Hessian of two-layer neural network with cross
entropy loss converges to a block diagonal matrix. Using
this approximation method, the full Hessian of our network
is comprised of two block diagonal matrices, the first be-
ing size (784 x 100, 784 x 100) and the second being size
(100 x 10, 100 x 10). We strictly analyze the last-layer
Hessian for two reasons: (1) memory constraints and (2)
it sufficiently represents the effect of batch normalization
on the network. In [3], it is noted a general characteristic
of the Hessian is that it varies from flat in the first layer to
very steep in the last due to the second derivative being very
small in the first layers. This provides another theoretical
basis for why it is sufficient for only the last-layer Hessian
to be analyzed.

3. Empirical Study

The following sections detail the two different network
implementations tested on the MNIST Dataset:



3.1. Fully Connected Net

The fully connected network is comprised of two layers:
the first layer being a fully connected layer with a ReLU
activation function, and the output layer being a fully con-
nected layer using a softmax activation function. The soft-
max function was chosen in order to normalize the output of
the network to a probability distribution. We optimized the
network by introducing /5 regularization. Finally, a range
of learning rates and /5 parameters were iterated through to
determine the best performing network.

3.2. Fully Connected Net with Batch Normalization

For the network of interest, we utilized the same struc-
ture as in Section [3.1] but introduced batch normalization
after the ReLU layer. Here, the same learning rate and /5
parameters were used.

Note that although Ioffe and Szegedy initially recom-
mended that the batch normalization layer should be added
before the nonlinearity [3]], empirical results have shown
that adding the batch normalization after the hidden layer
activation performs the same or better [[L0]. As a result, we
place the batch normalization layer after the ReLU layer in
our network.

4. Results

Each network was optimized for performing predictions
on the MNIST training set. Adam was used as the opti-
mizer for the benefits of having adaptive learning rates and
momentum. Meanwhile for the loss function, Cross En-
tropy Loss was used due to this being well-suited for clas-
sification tasks. The following three evaluation points were
performed: (1) Prediction Accuracy, (2) Convergence Rate,
and (3) Hessian Analysis.

4.1. Prediction Accuracy

The Batch Normalized network showed an improvement
in accuracy for both training and testing data. Because the
testing accuracy is similar to training, we see that the net-
works generalize well.

Network | Training | Validation | Testing
FC 74.8% 77.2% 72.8%
FC+BN | 79.5% 81.3% 76.7%

Table 1. Network Prediction Accuracy

4.2. Convergence Evaluation

As anticipated, the fully connected network with batch
normalization had a faster convergence rate in compari-
son to the same network without any batch normalization.
These results are shown in Figures [[|and 2] The time axis

refers to the world clock, with the number of epochs be-
ing 30 for both networks. As shown, the time per epoch is
greater for the batch normalized network due to computa-
tional time for completing normalization, yet still leads the
network to faster convergence overall.

Temporal Analysis: Training Data
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Figure 1. Temporal Evaluation on Training Data

Temporal Analysis: Validation Data
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Figure 2. Temporal Evaluation on Validation Data

4.3. Hessian Analysis

The Hessian of the loss function with respect to the
weights of the last layer, W5 was calculated exactly utiliz-
ing Tensorflow. The last-layer Hessian matrix for both the
batch normalized and baseline case had several eigenvalues
on the order of 10799, In our hypothesis, we expected to
directly compare the condition number, £ = Amax / Amin, be-
tween the two networks. However, because the minimum
eigenvalue is close to zero, this causes the condition num-
ber k to be very large and unsuited for a comparison metric.

In our experimental results, we noticed there to be a
significant difference in the maximum eigenvalues of the
batch-normalized network versus the un-normalized net-
work. A pseudo-condition number, k' = A1 /Ao Where A\;
is the largest eigenvalue and )\ is the 10th largest eigen-
value, was instead used as the metric to compare the net-
works shown in Figure 3]
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Figure 3. Hessian Eigenvalue Evaluation on Training Data

From Figure [3] we see the pseudo-condition number is
much larger for the network without batch normalization,
meaning the the top ten eigenvalues are both larger and
have a wider distribution in comparison to with normaliza-
tion. The batch-normalized network returning consistently
smaller maximum eigenvalues for the loss function’s Hes-
sian could be a possible explanation for the fast conver-
gence.

5. Discussion

In response to the unexpected singularities in our Hes-
sian matrices, we conducted further literature review. Other
researchers have also found that the Hessians of certain neu-
ral networks have eigenvalues concentrated near zero [12].
In fact, Sagun et al. [7] studied a similar two-layer network
with cross-entropy loss, and found that the Hessian is sin-
gular and that the degree of singularity increases with the
number of units in the hidden layer. This would be a suit-
able explanation for why many of the eigenvalues in our
network are close to zero, leading to a large condition num-
ber. Perhaps as a consequence of these singularities, vari-
ous Hessian-based analyses on neural networks, such as in
[13], present results for a so-called Hessian spectrum in-
stead of a condition number. The Hessian spectrum can be
described as how the top k eigenvalues evolve through train-
ing epochs. Moreover, it has been observed that networks
used in classification often have c large eigenvalues, where
c is the number of classes [12]], further supporting our con-
struction of a pseudo-condition number using the ten largest
eigenvalues.

6. Conclusion

This work contributes to the long-standing investigation
of why batch normalization in neural networks leads to a
faster convergence rate. Specifically, we examine the Hes-
sian of the loss function with respect to the weights of net-
works with and without batch normalization in order to de-
termine a correlation to faster convergence. We found that
the condition number may not be an appropriate metric for
the effects of batch normalization on a network with many

parameters, as the Hessian is often singular. Nonetheless,
the experimental results show that the maximum eigenval-
ues of the Hessian between the batch normalized and con-
trol network have a significant gap, demonstrating an im-
proved pseudo-condition number. We propose that the suc-
cess of batch normalization can be attributed to this im-
proved pseudo-condition number, allowing for faster con-
vergence rates. Further theoretical work is required to prove
this relationship and to generalize these empirical results to
other networks.
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Appendices B. Hessian Evaluation

Hessian Top 10 Eigenvalues vs. Epochs
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Figure 5. Two Layer Network Accuracy
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Figure 7. Two Layer Network Loss



